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Abstract: This paper aims at treating a study on the order of every element of 60 orders of group for multiplication
composition. But the composition in G is associative; the multiplication composition is very significant in the order of
elements of a group. We develop the order of a group, higher order of groups in different types of order and the order of
elements of a group in real numbers. Let G be a group and let a™ € G be of infinite order n. In addition, notation o(a™) =

% , whereiA=Ilcmof mandn.Ifa € Gisof order n, then there exists an integer m for which a™ = e if m is a multiple

of n, in general we use this. Then we develop orders of elements of a cyclic group and every element of higher order of a
group. After that we find out the order of every element of a group for the higher orders of the group for being binary

operation.
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I INTRODUCTION

We propose to study the groups of order of an element
of a group, order of a group, torsion group, mixed group
subgroup, normal subgroup and the integral powers of an
element of a group etc. Then we discuss the order of every
element in the higher 60 orders of group for multiplication
composition. The group notation is o or *. We will frequently
omit the symbol for the group operation but we will also often
write the operation as - or + when it represents multiplication
or addition in a group, and write 1or O for the corresponding
identity elements respectively. It’s addition +, multiplication
x or (.) is used as a binary operation. If the group operation
is denoted as a multiplication, then an element a € G is said
to be order n if n is the least positive integer such that a™ = e
orO(a) <ni.e,ifa"=eanda” e VreNs.t. r<
n .The order of a is denoted byO(a). Ifa™ #
e forany n €N, then a is said to be of zero order or
infinite order [1]. Let e is the identity element in (G, +). An

element a € G is said to be order nif N € Z" such that
na=e or O(a)<n.ie,ifna=eandar+e Vr €
N s5.t.0 < r < n.The order of a is denoted by O0(a). If na #
e forany n €N, then a is said to be of zero order or
infinite order [2]. The order of a group G and the orders of its
elements give much information about the structure of the
group. The order of any subgroup of G divides the order of
G. If His a subgroup of G, then ord(G) /ord(H) = [G:
H], where [G : H] is called the index of H in G. This is
Lagrange's theorem; however, it is only true when G has finite
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order. If ord(G) = oo, the quotient ord(G) / ord(H) isnot
true. We see that the order of every element of a group divides
the order of the group. For example, in the symmetric group
shown above, where ord(S;) = 6, the possible orders of
the elements a, b, c. But there is no general formula relating
the order of a product ab to the orders of a and b. In fact, it is
possible that both a and b have finite order while ab has
infinite order, or that both a and b have infinite order while
ab has finite order. (i.e. [3], [4], [5]). Then we find out the
order of every element of a group in different types of the
higher even, odd and prime order of the group for
composition [6], [7].

1. INTEGRAL POWERS OF AN
ELEMENT OF A GROUP

> Multiplication Composition [8], [9]
Let (G, .) beagroup. Leta € G be an arbitrary element.

By closure property, all the elements a, aa, aaa, . . .etc.
belong to G.

Since the composition in G is associative. Hence aaa .
to n factors is independent of the manner in which the
factors are grouped.

If n is a positive integer, then define
a" =a.a.a . . .tonfactors
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a" € G, by closure property

If e is identity in G, then we define a’ =e.

If n is a negative integer, then by define
a™" =(a“)7l , Where (a”)fl is the inverse of a"

n -1 . .
Consequently, (a ) € G | since the inverse of every

. -n
element of G belongto G. *- aeG
According to the definition

n)? -1
(a")" =(aaa . . . to n factors)

Ealxna1Xa1) .. . to n factors
cat=(") =),

The following law of indices can be easily proved

(a’“)n:a”“ VaeG and Vm neZ
and a™a" =a™" VaeG and Vm, neZ

Thus we defined " for all integral values of n, positive,
negative or zero.

1. SIGNIFICANCE OF THE ORDER OF
AN ELEMENT OF A GROUP

We begin this section of the following theorem related
significance of the order of an element of a group.

» Theorem [10]:
Let G be a group and let a € G be of infinite order n.

Then show that O (a)* = ﬁ where k is any integer and (n,

K) is denoted the highest common factor of n and k.

Proof: Let o(a) =n,o(a)* =h, (n, k) =m.

Now we will prove that h = % .

We have,

o(@) =n Q)
or,a"=e

or, o(a)* =h

or, (@) =e %))

or,akh = e
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And, (n,K)=m

or,n=mp, k=mg ; where p and q integersand (p, q) = 1
From (2) we get,

kh —

a " =e

Or, a** =a™ or, kh=n, or, (kh) or, (mqh) or, (gh) or,
(h) where

(P.g)=1 @)
Now, ak? = amap

= q(mP)4[By Associative law]

= q™

= (a™)4

= el

or,ak? =e (4)
or, (a¥)? =e

or,o(k)=p

or,h=p 5)
or,h/p

From (3) and (5) then we get,

P=h

or,h= %QED

» Theorem [11]:

finite.ShOW that the order of every element of a finite group is

e Proof: Let G be a finite group with multiplication
composition.

Let a € G be an arbitrary element.
Now we will prove that 0(a) is finite.

By closure property, all the elements a’=a. a, a®=a. a. a,
. etc. belong to G
i.e.a a? ad a% a a5, ', . etc. belong to G.

But all these elements are not distinct. Since G is finite.

0
Let e be the identity in G, then @ = €.

Let us suppose that
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a™ =a" where m>n. Now p is a positive integer s.2" =€

Ma-N _ ANqa-N _ A0 _
—>aa =aa =a =¢€ This proves that
=a""=e=a’=e where p=m-n>0,asm>n

o(a) < p = finite number
Also m and n are finite and hence p is a finite positive ie. 0( ) a finite number = O(a) is finite
integer.
V. RESULT AND DISCUSSION

In this section we developed the result of order of every element for multiplication composition in the higher 60 orders of
group for multiplication composition.

> ([12],[13], [14]) Find the Order of Every Element in the Multiplication Group
G ={a, az, a3, at, ...,a% = e}

e Solution:
The identity element of the given group is a®® = e = o(a) = 60 - o(a) = 60

We know that o(a™) = % , wheredl=1Ilcmof mandn

To determine o(a?)

Here, 0(a®®) = e,l.c.mof 60 and 2 is 60 .. o(a?) == =30 = o0(a?) =30
To determine o(a®)

Here, 0(a®®) = e,l.c.mof 60 and 3 is 60 .. 0(a3®) == =20 = o0(a®) = 20
To determine o(a*)

Here, 0(a®®) = e,l.c.mof 60 and 4 is 60 .. o(a*) == =15 = o(a*) =15
To determine o(a®)

Here, 0(a®®) = e,l.c.mof 60 and 5is 60 - o(a®) ===12 = o(a®) = 12
To determine o(a®)

Here, 0(a®®) = e,l.c.mof 60 and 6 is 60 .. 0(a®) == =10 = o0(a®) = 10
To determine o(a”)

Here, 0(a®®) = e,l.c.mof 60 and 7 is 420 - o(a’) =— =60 = 0(a’) = 60
To determine o(a®)

Here, 0(a®®) = e,l.c.mof 60 and 8 is 120 - 0(a®) =—=—=15= 0(a®) = 15
To determine o(a®)

Here, 0(a®®) = e,l.c.mof 60 and 9is 180 - 0(a’) =—=20= 0(a®) = 20
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To determine o(al®)

Here, 0(a®®) = e,l.c.mof 60 and 10is 60 - o(a'®) = % =6=0(a% =6

To determine o(a?)

Here, 0(a®®) = e,l.c.mof 60 and 11 is 660 .. o(a'') =— =60 = o(a'!) =60
To determine o(a'?)

Here, 0(a®®) = e, l.c.mof 60 and 12is 60 -~ o0(a'?) ===5=0(a'?) =5

To determine o(a'?)

Here, 0(a®®) = e,l.c.mof 60 and 13is 780 .. o(a'®) =— =60 = 0(a'?) =60
To determine o(a'*)

Here, 0(a®®) = e,l.c.mof 60 and 14 is 420 . o(a**) =—=30=o(a'*) =30
To determine o(a'®)

Here, 0(a®®) = e, l.c.mof 60 and 15is 150 - o(a'%) = % =4=0(a%) =4
To determine o(a'®)

Here, 0(a®®) = e, l.c.mof 60 and 16 is 240 . o(a'®) = % =15 = o(a'®) = 15
To determine o(a'”)

Here, 0(a®®) = e,l.c.mof 60 and 17 is 1020 - o(a'”) = ﬁ

=60 = o(a'”) = 60
To determine o(a'®)

Here, 0(a®®) = e,l.c.mof 60 and 18is 180 . 0(a'®)=—=10= 0(a'®) =10
To determine o(a'®)

1140

Here, 0(a®®) = e,l.c.mof 60 and 19is 1140 - o(a'®) = =60 = o(a'®) = 60

To determine o(a?°)

Here, 0(a®®) = e,l.c.mof 60 and 20 is 20 - o(a?°) = % =3=>0(a?*") =3

To determine o(a?!)

Here, 0(a®®) = e,l.c.mof 60 and 21 is 420 . o(a?') = — =20 = o(a?') = 20
To determine o(a??)

Here, 0(a®®) = e, l.c.mof 60 and 22 is 660 .. 0(a??) =— =30 = 0(a??) =30
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To determine o(a?3)

Here, 0(a®®) = e, l.c.mof 60 and 23 is 1380 - 0(a?3) = 1389

=60 = o(a??®) = 60
To determine o(a?*)

Here, 0(a®®) = e, l.c.mof 60 and 24 is 120 . o(a?*) = % =5=0(a**)=5

To determine o(a?®)

Here, 0(a®®) = e,l.c.mof 60 and 25is 300 . 0(a?’) ==— =12 = 0(a?5) = 12
To determine o(a?%)

Here, 0(a®®) =e,l.c.mof 60 and 26 is 780 .. 0(a?®) = — =30 = 0(a?®) = 30
To determine o(a?”)

Here, 0(a®®) = e,l.c.mof 60 and 27 is 540 .. 0(a?”) ==— =20 = 0(a?’) = 20
To determine o(a?®)

Here, 0(a®®) = e,l.c.mof 60 and 28 is 420 . 0(a?®) =— =15 = 0(a?®) =15
To determine o(a?®)

Here, 0(a®®) = e,l.c.mof 60 and 29 is 1740 - 0(a?®®) = % =60 = 0(a®°) = 60
To determine o(a3°)

Here, 0(a®®) = e,l.c.mof 60 and 30 is 60 - 0(a®®) = % =2>0(a*®) =2

To determine o(a3!)

Here, 0(a®®) = e,l.c.mof 60 and 31 is 1860 - o(a3!) = % =60 = o(a®!') = 60
To determine o(a3?)

Here, 0(a®®) = e,l.c.mof 60 and 32 is 480 .. 0(a3?) =— = 15> 0(a®?) = 15
To determine o(a33)

Here, 0(a®®) = e,l.c.mof 60 and 33 is 660 .. 0(a3?) =— =20 = 0(a®3) = 20
To determine o(a3*)

1020

Here, 0(a®®) = e,l.c.mof 60 and 34 is 1020 - o(a3*) = =30 = o(a®**) = 30
To determine o(a3®)

Here, 0(a®®) = e,l.c.mof 60 and 35 is 420 . 0(a%%) =— =12 = 0(a?%) = 12
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To determine o(a3%)

Here, 0(a®®) = e, l.c.mof 60 and 36 is 180
To determine o(a3”)

Here, 0(a®®) = e,l.c.mof 60 and 37 is 2220
To determine o(a3®)

Here, 0(a®®) = e,l.c.mof 60 and 38 is 1140
To determine o(a3?)

Here, 0(a®®) = e, l.c.mof 60 and 39 is 780
To determine o(a*?)

Here, 0(a®®) = e,l.c.mof 60 and 40 is 120
To determine o(a*')

Here, 0(a®®) = e,l.c.mof 60 and 41 is 2460
To determine o(a*?)

Here, 0(a®®) = e,l.c.mof 60 and 42 is 420
To determine o(a*3)

Here, 0(a®®) = e,l.c.mof 60 and 43 is 2580
To determine o(a**)

Here, 0(a®®) = e,l.c.mof 60 and 44 is 660
To determine o(a*®)

Here, 0(a®®) = e,l.c.mof 60 and 45 is 180
To determine o(a*®)

Here, 0(a®®) = e,l.c.mof 60 and 46 is 1380
To determine o(a*”)

Here, 0(a®®) = e,l.c.mof 60 and 47 is 2820
To determine o(a*®)

Here, 0(a®®) = e, l.c.mof 60 and 48 is 240
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s o(a3®) = % =5=0(a%)=5

2220

~o(a®) = =, =60= 0(a®”) = 60

1140

~o0(a%®) = =5 = 30= 0(a®®) =30

~o(a®) = % =20=o0(a®) =20

no(a*®) =2 =3=9(a*) =3

40

2460

O(a“) = Y =60= o(a‘“) =60

~o(a*?) = % =10 = o(a*?) = 10

no(a*®) =22=60> 0(a*®) =60

43

no(a*) =22 =15= o(a**) = 15

44

180

so(@®)=—==4=00a*®) =4

45

~o(a*) =222 =30 = 0(a%) = 30

46

2820
47

=60 = o(a*’) = 60

no(@®)=22=550@a*®) =5

48
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To determine o(a*?)

Here, 0(a®®) = e, l.c.mof 60 and 49 is 2940 - o(a*°) = 2%

=60 = 0(a*®) = 60
To determine o(a®°)

Here, 0(a®®) = e,l.c.mof 60 and 50is 300 - 0(a’®)==—=6=0(a*") =6

To determine o(a®!)

1020

Here, 0(a®!) = e,l.c.mof 60 and 51 is 1020 - o(a*®) = =20 = o(a®') = 20
To determine o(a?)

Here, 0(a®®) = e,l.c.mof 60 and 52 is 780 . o(a*’) = — =15 = 0(a®?) = 15
To determine o(a>?)

Here, 0(a®®) = e,l.c.mof 60 and 53 is 3180 - 0(a®3) = 3150 — 60 = 0(a?) = 60
To determine o(a®*)

Here, 0(a®®) = e,l.c.mof 60 and 54 is 540 = 0(a®*) ==—=10 = 0(a®*) =10
To determine o(a%)

Here, 0(a®®) = e,l.c.mof 60 and 55 is 660 - 0(a®%) = 12 = 0(a®®) = 12
To determine o(a®%)

Here, 0(a®®) = e,l.c.mof 60 and 56 is 840 .. 0(a®®) = — =15 = 0(a®®) = 15
To determine o(a®”)

Here, 0(a®®) = e,l.c.mof 60 and 57 is 1140 - o(a®") = ﬂ =20 = o0(a®’) = 20
To determine o(a®®)

1740

Here, 0(a®®) = e,l.c.mof 60 and 58 is 1740 - o(a®®) = =30 = 0(a®®) = 30

To determine o(a®?)

3540

Here, 0(a®®) = e,l.c.mof 60 and 59 is 3540 - o(a®®) = =60 = 0(a®®) = 60

Hence G = {7, 7%, 73, 7%, ...,7° =¢}, G = {11, 43%, ...,43%0 = e}, G = {47, 472, 473,
112, 113, 11%, ..., 119 = ¢}, G = {13, 13?%, 133, 474, ...,47%° = e}, G = {49, 49%, 493,
134, ...,13%° =¢}, G ={17, 177, 173, 49*, ...,49% =e}, G = {53, 537, 533,
174, ...,17%° = ¢}, 6 = {19, 19%, 193, 53%, ...,53%° =¢}, G ={59, 59% 593,
194, ...,19% = ¢}, G = {23, 232, 233, 594, ...,59% = ¢}
234, ...,2350 = ¢}, G = {29, 292, 293,
294, ...,2950 = ¢}, G = {31, 312, 313, V. ANALYSIS
314, ...,31%° = ¢}, G = {37, 372, 373,
374, ...,37%° = ¢}, G = {41, 412, 413, We discussed the result of order of every element for
414 ...,41%° = e}, G = {43, 432, 433, multiplication composition in the 60 orders of group for
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multiplication composition. In fact, we can use composition
related theorem to evaluate order of group of different orders
such as order 2,3,4,5,...,20 etc., i.e., whose order is not so
high (Not Higher Order Groups). As a result, we use
multiplication related theorems to evaluate the order of
groups of the higher order of group for composition. Here, to
find orders of elements of a cyclic group. Thus, it has been
found necessary and convenient to work or solve these
structures in details.

VI. CONCLUSION

In this work we developed the higher order of elements
of a group for various higher orders of a group. This result is
very important for the order of every element of a group. This
reason we can find out the order of elements of a group of
different orders of a group. In different situations, once it was
found that a given solution satisfies the basic result of one
structure, and having known the properties of that structure,
it becomes extremely easy to forecast the behavior of the
situation. This result in this paper will be advantages for
group theory related to subgroups and order of elements of a
group. Thus, the demands of the work of mathematical
problems as like as physical problems such as groups, number
systems, vectors, matrices and so on.
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