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L INTRODUCTION

The Banach contraction principle is the foundation of
fixed point theory which declares that all contractive
mappings on metric spaces always have some fixed points,
that are unique. In this sequence many researchers
generalized the concept of Banach and established different
kind of contractions [1-5]. In this paper, we emphasize on a
generalized metric structure called b-metric space (bMS) and
its subsequent generalization. Bakhtin [6] and Czerwik [7]
step ahead in the generalization of (MS) by introducing the
notion b-metric space (bMS). In which altering the triangle
inequality of a (MS) has been taken place. Infact, every metric
space(MS) is a b-metric space (bMS) when the constant b of
the triangle inequality is one. While the reverse of it is not
implied. After that, many authors found many fixed-point
results in b-metric spaces; [8-20]. As far as this paper is
concern, our object in the current study, we refer to papers
that contain some generalizations of b-metric spaces, such as
a strong b-metric space (SbMS) ([25]). Subsequently, we
generalized the concept of controlled strong b-metric space
(CSbMS) and put the idea of controlled strong b-
multiplicative metric space (CSbMMS) In the main results
section, we prove the existence of the fixed point of self-
mapping on a complete (CSbMMS) and its uniqueness.

II. PRELIMANARIES

» Definition 2.1 [22]

Let A be a set having at least one element and take a real
no. s > 1. A function p: A x A — [1, ) is said to be a b-
multiplicative metric if the following axioms are satisfied:

e (u)pu(a,B)>1foralla, p € Aandp (a, ) =1if and
only if a = f;
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e (u2)p(e, P)=p (P, o) foralla,peEA;
o (u3)p(o,z)<p(o, ) - wp, n)foralla B,neA.

Then (A, u, s) is said to be a b-multiplicative metric
space.

» Definition 2.2 [21]

Given a set H having at least one element and t> 1. The
function pu: H X H — [0, «) is called a strong b—metric space
if

e (o, B)=0ifand onlyif a = ;

o p(o,B)=mp(o P

o p(a,B)<u(a,z)+tp(z p), forall a, B, z € H. The pair
(H, p) is called an (SbMS).

» Definition 2.3 [21]
Let H be a set that contains at least one element and { :
H x H — [1, ). The function p: H x H — [0, o) is called a
(CSbMS) if
e (o, B)=0ifand onlyif a = ;
o p(a,P)=p(oP)
o u(a,B)<p(a,z)+(a, P) uz P), forall a, B, z € H.
e The pair (H, p) is defined as a controlled strong b—metric
space (CSbMS).
e Now we establish the idea of controlled strong b-
multiplicative metric space (CSbMMS) as follows

» Definition 2.4

Let H be a set that contains at least one element and { :
H x H — [1, ). The function p: H x H — [1, ) is called a
(CSbMMS) if

e p(o, B)=1ifandonlyif a=f;
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p(o, B) = p(p, a);

u(a, B) < p(a, z) . u(z, B) P, for all o, B, z € H.

The pair (H, p) is called a controlled strong
b—multiplicative metric space (CSbMMS).

Example 1. Let H=[1, ) and define p (a, ) = 2mex{le-Bh
Za-BI=1 for every o, B € Hand {(a, B)=a + P + 2.

» Consider a sequence {an} in controlled strong b—metric

space (CSbMMS) (H, p).

{an} is called convergent to . € H, i.e. lim,on= o if limy,
K (o, o)=1.

{an} is defined as a Cauchy sequence in H if limy, mlt (o,
am)=1.

CSbMMS (H, p)is called complete if every Cauchy
sequence in it is a convergent sequence.

» Definition 4. Consider (H, u) to be a (CSbMMS) by a

functions. Take y €H along with &> 0.

Anopenball B(y,n)isB(y,n) ={xeH, p(y,X)<n}
(ii) The mapping S : H — H is called continuous at x € H
if vn>0,36>0, satisfying S(B(y, 8)) S B(Sy, n).

» For All Integers N, M with N < M, We Have
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e Obviously, if S is continuous at a point y in the
(CSbMMS) (H, ), then y, — y implies that Sy, — Sy as

n — oo,
1. MAIN RESULTS

Presently, we are here ready to investigate a fixed point
result parallel to the Banach contraction theorem in
(CSbMMS).

» Theorem Let (H, u)) be a complete (CSbMMS) w.r.t. to the
f mapping w: H x H— [1, ©). Suppose that I': H— H be
a map satisfying u (I'e, I8) < u (o, ) for every a, B €H,
where t €(0, 1).

e For ap € H, lets have on =T"0p.
e Suppose that o (aj+1, am) < 1/t.
e Also, for all o € H, lim,—. o (0, an) exists finitely.

» Then the Mapping /" Has a Unique Fixed Point.

e Proof: In accordance with the hypothesis (1) of the
theorem, take the sequence {an = I™ ao} in H. By the
application of (1), we obtain p(on, on+1) < u(ao,al)tnor
everynin N.

I-J-(ﬂm Om) = M0, gt )- |_[({1'n+l_am']m{ Un+1. Om)

= plog, l'~1n—]} ‘ I-J-{Hn+1: Hn+2-]m[ Un+1. Om) 'I"I'(HIHE* ﬂ'm}m‘{ Upe1, Om)od Enyz, Um)
<m0, Oa+1) . W41, ﬂ'n+2]mfu”+" Cm)
“(ﬂn+2-an+?]m(““+" U)W Cpyz Om)
IJ(EIH,PE,IIH_'_?]“J': Untre Om)w( Qpgz. Cm)w( Opes, Cm)
N R
‘ -
= },l((ln. aﬂ’l) . {g;il p(ai‘a‘.*l)n1=n+1°’( s um)' “(am—l'am)nz;"l*‘m( k. Em)

IA

IA

IA

Using ratio test for product with term
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iy m-1

p(an. On+1) . l I;’;;il u(QO;al)t nj=n+1 w( aj, U-yn). u(a"l—li a"l)nk=n+1 o ag, am)
il

p(an. an*l) 3 ;’;;i] u(ao’ al)t n)'=n+1m( ul' Um)

— L i,
(G, @ar1) - TTRG! (g, @) =0 (% %m) = y(ay,, ane1).Pm -

i
ai = l»l(ao.al)t Mj=nsr (), am)

log aiyy __ logp(ag, ay)

gi+1 n;,‘;:) w( ;. am))

log a, logu(ag.ay)

= w( Ajs1, (1,") t

<it=1
&
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So that Pn, 1s convergent and thus lim P, exists finitely. Also
n-—»oco

lim p(@n, @ns1) = lim plag, ay)t” = 1.
n-—»oo

n-—-»>00

Consequently lim p(a,,a,) = 1. Thus the sequence {a.} is a Cauchy sequence.
nm-—co

Since (H, p) is complete, there exists some a in H such that lim p(a,,, @) =1 lim a, = a.
n-—»00 n-—-oo

Now we claim that I'a = a. For we have
u(la, a) < pw(Ca, da+1). p(@ppq, @)@ ez ©
= u(Ta, Fan). p(@pseq, )P s @
< w(a, an)'. p(@pey, @)@ %n+1- © 5 1 gsn — oo,

Which immediately implies that I'a = a. Suppose there is an element f in H suchthat T =f8
and a # B.

1< u(a, B) = u(Ta, TP) < u(a, BH)*

which yields a contradiction. So a = 3. Hence the theorem proved.

V. CONCLUSION [9]. Afshari, H.; Atapour, M.; Aydi, H. Generalized o — -
Geraghty multivalued mappings on b-metric spaces
The notion of controlled strong b-metric space endowed with a graph. Twms J. Appl. Eng. Math.

introduced in this paper provide a platform for the study of 2017, 7, 248-260.

fixed point theory in a new generalized metric space. The [10]. Alharbi, N.; Aydi, H.; Felhi, A.; Ozel, C.; Sahmim, S.

fixed point theorem proved here in the main result of this a-contractive mappings on rectangular b-metric spaces

paper made the foundation of fixed point finding strategies on and an application to integral equations. J. Math. Anal.

the introduced generalized metric space parallel to the flood 2018, 9, 47-60.

of research after the Banach fixed point theorem. [11]. Avydi, H.; Karapinar, E.; Bota, M.; Mitrovi'c, S. A

fixed point theorem for set-valued quasi-contractions
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